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I. INTRODUCTION
Higher derivative theories occur in various aspects of modern physics-gravity, strings, particle phenomenology, and so on. It is of importance to clarify general properties of such theories.
The purpose of this paper is to prove a very simple, but important theorem for the quantum mechanics of higher derivative theories: Total derivative terms in a Lagrangian never affect the quantum mechanics. The theorem is proven within the most general, i.e. singular and non-autonomous (explicitly time-dependent), situation. Needless to say, the classical version of the theorem is well known and is trivial. And the classical result often plays an important role in various theories. Surprisingly enough, the quantum version, despite its importance, has not been proven up to now. It is in fact non-trivial and requires a proof.
Our plan is as follows:
In Sec.II, the canonical theory, now known as the Ostrogradski formalism [1] , is reviewed and the canonical quantizationà la Dirac is performed. Sec.III is devoted to the proof of the theorem. We introduce canonical variables,
II. GENERAL THEORY OF HIGHER DERIVATIVE SYSTEMS
to parametrize the 2N dimensional (for each i) phase space of (2.2). Throughout the present paper, we take the convension that I, J, and K run from 0 to N −1, unless otherwise stated.
There are relations as follows, The canonical Hamiltonian is defined by
which is conserved if the system is autonomous:
Note that the canonical Hamiltonian (2.6) have some ambiguity as a function of q, p, Once we reach here, higher derivative theories do not differ much from usual theories with first order derivatives. The well-known Dirac procedure [1, 2] for singular Lagrangians is applied to higher derivative systems without any modifications:
All the constraints (the primary and the secondary ones) are classified into first-class, γ a ≈ 0, and second class, χ α ≈ 0. The Poisson bracket is defined by
with which the equations of motion for an arbitrary quantity F (q, p, t) iṡ
The total Hamiltonian H T is defined as
where H is the canonical Hamiltonian (2.6), u α 1 's are functions of q, p, and t determined by consistency, and λ a 1 's are the arbitrary Lagrange multiplers. The indeces α 1 and a 1 run only on the primary constraints. The second-class constraints χ α ≈ 0 become strong equations χ α = 0 in terms of the Dirac bracket,
with C αβ := {χ α , χ β }.
B. Quantum mechanics
The quantization is formally performed by replacing the Dirac bracket { , } * by the quantum commutator (ih) and the subsidiary conditionŝ
in which q and ∂/∂q are abbreviations for q Ii 's and ∂/∂q Ii 's. Consider an (N − 1)-th order Lagrangian L ♯ that may be singular. We define an N-th order Lagrangian L as follows:
where 
We take the convention that I, J, K run from 0 to N − 1, and A, B, C run from 0 to N − 2, unless otherwise stated. Here p ♯ Ai 's are the canonical momentum in the L ♯ -theory,
with A = 0, 1, . . . , N − 3. The canonical Hamiltonian (2.6) becomes
with
where q ♯ is an abbreviation for q Ai 's, while q without ♯ is the abbreviation for q Ii 's.
These two H ♯ 's, (3.5) and (3. Since the larger theory is quite useful for our purposes, we use, in the following, (3.6) instead of (3.5). As will be stated in Sec.III C, the larger theory is a kind of gauge theory and we can impose Eq.(3.7) as a gauge fixing condition to it.
B. Constraint analysis
Equations (3.2b) are primary constraints:
there are other primary constraints in addition to γ i 's:
which stem from (3.2c) together with (3.3). It is not a hard task to show
The total Hamiltonian is given by
where λ a 's and λ i 's are the Lagrange multipliers. Straightforward calculation shows that γ i 's do not produce secondary constraints: 
where
is the total Hamiltonian in the L ♯ -theory. The symbol (∂/∂t) ♯ represents partial derivative by t with q ♯ and p ♯ fixed. One can prove In this subsection we investigate the gauge transformation derived from γ i 's. For an arbitrary quantity F (q, p, t), the gauge transformation is defined as
where ε i 's are arbitrary functions of t, but are independent of the canonical variables. As is well known, physical quantities must be gauge invariant.
One can show that quantities related to the L ♯ -theory, for example q Ai , p For example, one obtains 
D. Proof of the theorem
We now turn our attention to the quantum mechanics. The Schrödinger equation is given by (2.12) with the Hamiltonian operator,
derived from (3.4) with (3.6) and (3.2c). The subsidiary conditions (2.13) are given bŷ
Eqs.(3.21) are solved as follows: It is not hard to verify the identities
on the physical state (3.23). Here n is a non-negative integer. These identities imply the following identity:
Here F (q ♯ , p ♯ , t) is an arbitrary quantitiy which is a polynomial with respect to p ♯ Ai 's. As- Proof: Let us assume n ≥ m, and put
Here, the subscript of L, L ♯ , and W denote the order of highest derivatives contained. We use the same notation for L and W, which appear in what follows, as well.
Let us introduce an arbitrary function W n , and define a new Lagrangian L n+1 as follows: 
where ∼ means quantum mechanically equivalent.
(ii) n = m + 1 case
This case is just the same as Proposition 1.
(iii) n ≥ m + 2 case
Let us introduce n − m − 1 arbitrary functions W i , i = m, m + 1, . . . , n − 2, and define the same number of new Lagrangians L i , i = m + 1, m + 2, . . . , n − 1, as follows: Consistency between these equations and (3.28) requires
Therefore we have proven
This completes the proof. Proof: This is the special case of Theorem 2 with the vanishing total derivative term. 2 Corollary 3 has been proven, using the path integral, by Grosse-Knetter [3] , for the special case of autonomous Lagrangians. Our Corollary 3 is the generalization of his result to non-autonomous Lagrangians.
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